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left to  right in equal  s e c t i o n s  with  a smal l overlap. If necessary,
sec t io n in g  is c o n t i n u e d  again — beginning b e l o w  the first ro w  and
co n t in u in g  o n  until  c o m p l e t e .
4. T he  majori ty  o f  users indicate  that the  textua l  c o n t e n t  is o f  greatest  
value,  however,  a s o m e w h a t  higher qual i ty  re pro du ct io n  c o u ld  be 
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dis sertat ion.  Silver prints  o f  " p h o to g ra p h s"  may b e  ord er ed  at 
addit ional  charge by wr it ing t h e  Order De par tm ent ,  giving t h e  catalog  
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ABSTRACT
By v a r y i n g  t h e  p a r a m e t e r s  a  and  b o f  t h e  u l t r a s p h e r l c a l  r a t i o n a l  
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CHAPTER I
INTRODUCTION
The o p t i m a l  a p p r o x i m a t i o n  t o  t h e  i d e a l  l o w - p a s s  f i l t e r  t h a t  i s  
r e a l i z a b l e  i s  t h e  e l l i p t i c  f i l t e r ,  w h ich  i s  d e s c r i b e d  i n  C h a p t e r  I I .
The d e v e l o p m e n t  o f  t h e  e l l i p t i c  f i l t e r  t o  f i t  a  s e t  o f  p r e s c r i b e d  
t o l e r a n c e s  r e q u i r e s  t h e  c a l c u l a t i o n  o f  a  m o d u lu s  k  and  a  c e r t a i n  amount 
o f  k n o w le d g e  o f  t h e  p r o p e r t i e s  o f  t h e  J a c o b i  e l l i p t i c  f u n c t i o n s ,  which  
a r e  r a t h e r  c o m p le x  f u n c t i o n s ,  t o  say  t h e  l e a s t .
In  t h i s  d e v e lo p m e n t  a g e n e r a l i z a t i o n  o f  t h e  e l l i p t i c  f i l t e r  i s  
c o n s i d e r e d  w h ich  a l l o w s  one  t o  f i n d  d i r e c t l y  t h e  optimum f i l t e r  f o r  a 
g i v e n  s e t  o f  s p e c i f i c a t i o n s  a n d ,  m o r e o v e r ,  t h e  m a t h e m a t i c s  i n v o l v e d  
a v o i d s  t h e  u s e  o f  t h e  e l l i p t i c  f u n c t i o n s  a l t o g e t h e r .  The v a r i a t i o n  o f  
t h e  two p a r a m e t e r s  i n v o l v e d  i n  t h e  g e n e r a l i z a t i o n  a l l o w s  one t o  o b t a i n  
a  w ide  v a r i e t y  o f  f i l t e r s  o t h e r  t h a n  t h e  e l l i p t i c  f i l t e r .  Some o f  t h e s e  
f i l t e r s  a r e  e n t i r e l y  d i f f e r e n t  In  n a t v r e  f rom  t h e  l o w - p a s s  f i l t e r  from 
w h ich  t h e y  come.  F o r  e x a m p l e ,  i n  a d d i t i o n  t o  l o w - p a s s  f i l t e r s ,  t h e  
g e n e r a l i z a t i o n  I n c l u d e s  h i g h - p a s s ,  b a n d - p a s s ,  and  c a s e s  I n  w h ich  t h e  
a m p l i t u d e  f u n c t i o n  i s  c o n s t a n t .
1
CHAPTER I I  
OPTIMAL LOW-PASS FILTERS
A. L o w -P a ss  F i l t e r s .
The i d e a l  a m p l i t u d e  r e s p o n s e  A(iu) o f  a  l o w - p a s s  f i I t e r  i s  d e f i n e d
by
A(tu) = K ,  | uu | < idc
(2 . 1 )
= 0  ,  |u)|  >  u>c ,
w here  K i s  a p o s i t i v e  c o n s t a n t  and cut *-s t h e  c u t - o f f  f r e q u e n c y  s e p a r a t ­
i n g  t h e  p a s s - b a n d  0 < uj < cUq f ro m  t h e  a t o p - b a n d  u) > u)c . An a p p r o x i m a t i o n  
A(cu) t o  t h e  i d e a l  r e s p o n s e  s a t i s f i e s  t h e  c o n d i t i o n s
Aj < A(cu) i  1 , |u)| £
(2 . 2 )
A(cu) < Ag , |o)| ^  Ufa,
w here  At , Ag < A j , u>L,snd 'z. a r e  s p e c i f i e d ,  and  A(cu) i s  a mono- 
t o n  i c a  1 l y  d e c r e a s i n g  f u n c t i o n  i n  t h e  t r a n s i t i o n  i n t e r v a l . < u) ^  ol  ^■
The s p e c i f i c a t i o n  A9 i s  g e n e r a l l y  much l e e s  t h a n  Ax , so t h a t  t h e  c u t - o f f  
p o i n t ,  d e f i n e d  f o r  t h e  n o n i d e a l  c a s e  a s  t h a t  v a l u e  cdc a t  w h ich  A(cu) 
a t t a i n s  1 t i m e s  i t s  maximum v a l u e ,  i s  a l s o  i n  t h e  t r a n s i t i o n  i n t e r ­
v a l  u n l e s s  At <  A*B I /«/2.
An o f t e n  u s e d  a p p r o x i m a t i o n  t o  t h e  i d e a l  r e s p o n s e  i s  t h e  a m p l i ­
t u d e  f u n c t i o n
3w here  e i s  a r e a l  c o n s t a n t  and  f ( u ? )  i s  r e l a t i v e l y  s m a l l  i n  t h e  p a s a -  
band and  r e l a t i v e l y  l a r g e  In  t h e  s t o p - b a n d .  From ( 2 . 3 )  i t  i s  c l e a r  
t h a t  A(u>) i s  a n  even  f u n c t i o n ,  a s  i s  r e q u i r e d  o f  t h e  a m p l i t u d e .  I f  
A(u>) i s  t h e  a m p l i t u d e  f u n c t i o n  o f  a f i n i t e  f i l t e r  i t  i s  n e c e s s a r y  t h a t  
f ( u ? )  be e i t h e r  a p o l y n o m i a l  o r  a r a t i o n a l  f u n c t i o n .
The o r d e r  o f  c o m p l e x i t y  n o f  A(tu) I s  d e f i n e d  a s  h a l f  t h e  d e g r e e  
2n o f  f (u ? )»  i f  f ( u ? )  i s  a  p o l y n o m i a l ,  and a s  h a l f  t h e  d e g r e e  2n o f  t h e  
n u m e r a t o r  o r  d e n o m i n a t o r ,  w h i c h e v e r  i s  o f  h i g h e r  d e g r e e ,  i f  f ( u ? )  i s  a  
r a t i o n a l  f u n c t i o n .  Fo r  a  g i v e n  o r d e r  o f  c o m p l e x i t y  and  a g i v e n  s e t  o f  
s p e c i f i c a t i o n s  A ^  Ag, , t h e  f u n c t i o n  A(w) i s  o p t i m a l  i f  t h e
l e n g t h  uij -  tDj o f  t h e  t r a n s i t i o n  i n t e r v a l  i s  minimum.
B. A l l - p o l e  F i l t e r s .
I f  f(tif*) i n  ( 2 . 3 )  i s  r e s t r i c t e d  t o  be  a p o l y n o m i a l  t h e  t r a n s f e r  
f u n c t i o n  H ( s )  w h ic h  e n s u e s  from A(cu), t h a t  i s ,
H(ju>) * A(u>)
i s  a  c o n s t a n t  d i v i d e d  by a  p o l y n o m i a l  i n  s .  Hence i t s  z e r o s  a r e  a l l  
i n f i n i t e ,  and f i n i t e  c r i t i c a l  f r e q u e n c i e s  t h u s  a r e  a l l  p o l e s .  Such a 
f i l t e r  l a  c a l l e d  an  a l l - p o l e  f i l t e r .
I n  t h i s  c a s e  ( f (< j^) a  p o l y n o m i a l )  i t  i s  known [1]  t h a t  t h e  
o p t i m a l  A(m) o c c u r s  when
f ( u £ )  «■ ( ^ ( u u ) ,  ( 2 . A)
w here  Cn (ui) i s  t h e  C hebyahev  p o l y n o m i a l  o f  d e g r e e  n o f  t h e  f i r s t  k i n d ,  
d e f i n e d  by
(^(uO •  c o s  (n  c o s -1 uo). ( 2 . 5 )
4The Chebyghev f i l t e r  I s  c h a r a c t e r i z e d  by  an  e q u i r l p p l e  r e s p o n s e  I n  t h e  
i n t e r v a l  |u)| < 1, and  a  m o n o t o n i e s l l y  d e c r e a s i n g  r e s p o n s e  f o r  |ui| >  1* 
The r i p p l e  w i d t h  i s  1 * 1A/1 + ea , s i n c e  t h e  maxinum v a l u e  o f  A(u>)
g i v e n  by ( 2 . 3 )  and  ( 2 . 4 )  i s  1,  o c c u r r i n g  a t  z e r o s  o f  Cn (tu) (w h ich  a r e
a l l  on -1  s  at s  1 ) ,  and  on ( - 1 ,  1) t h e  minimum v a l u e  o f  A(u)> o c c u r s  
when Cn (tu) * ± 1 .  S i n c e  ICnCu))) > 1 f o r  a l l  |u>] >  1,  t h e  r e s p o n s e  A(uj) 
i s  m o n o to n ic  d e c r e a s i n g  on ( 1 ,  <») .
A g e n e r a l i z a t i o n  o f  t h e  C hebyshev  f i l t e r  h a s  b e en  r e c e n t l y  d e ­
v e l o p e d  [ 2 ] ,  [3 1 ,  i n  w h ich
f((tf*> -  [Fn a (u))la , ( 2 . 6 )
a (a  a )w here  Fn  (ui) i s  r e l a t e d  t o  t h e  u l t r a s p h e r l c a l  p o l y n o m i a l  Pn ’ (m) o f
d e g r e e  n ,  by
Fna (iu) -  Pn ( a , a ) (u)>; n  -  0 , 1 , 2 , . . . ;  a  > -1 ( 2 . 7 )
'  n
( a  a )w h e re  Pn  ’ (<u) i s  t h e  s p e c i a l  c a s e  b ■ a  o f  t h e  J a c o b i  p o l y n o m i a l ,
n f  1 -UJ\k
V  _ ( 2 . 8 )
k l  < l + a ) k
a n d
(of)^ -  of(cH-l) ( c r f k - 1 ) , k -  1 , 2 , 3 , . . , ,
( 2 . 9 )
ta > o  * l '
The u l t r a s p h e r l c a l  f i l t e r  r e d u c e s  t o  t h e  C hebyshev  when a  * - 1 / 2 .  I t  
a l s o  I n c l u d e s ,  among o t h e r s ,  t h e  B u t t e r w o r t h  f i l t e r  (a  -* <*>) d e f i n e d  by
f  (id* ) -  u ? n , n  = 1 , 2 , 3 , . . .  ( 2 . 1 0 )
Some p r o p e r t i e s  o f  Fn  (to) a r e  a s  f o l l o w s ,  f o r  n » 0 , 1 , 2 , . . . ,  and
a > - 1 :
Fn a ( l )  -  1 ,  ( 2 . 1 1 )
£
A l s o ,  s i n c e  t h e  Fn ( i d )  a r e  known t o  be o r t h o g o n a l  on -1  < uo ^  1 ,  a l l  
t h e i r  z e r o s  must o c c u r  t h e r e .
C. The E l l i p t i c  F i l t e r
I f  f ( u ^ )  i n  ( 2 . 3 )  i s  a r a t i o n a l  f u n c t i o n ,  t h e n  A(o>) = 1 a t  t h e
z e r o s  o f  f ( u ^ )  and  A(u>) = 0 a t  t h e  p o l e s  o f  f (o tP ) .  Hence ,  by  s e l e c t i n g
t h e  z e r o s  t o  be i n  t h e  p a s s - b a n d  and t h e  p o l e s  t o  be  i n  t h e  s t o p - b a n d ,  
a b e t t e r  a p p r o x i m a t i o n  t o  t h e  i d e a l  r e s p o n s e  c an  be a c h i e v e d  t h a n  f o r  
t h e  c a s e  f  ( a ? ) a  p o l y n o m i a l .
I f  f ( u £ )  i s  a r a t i o n a l  f u n c t i o n  o f  c o m p l e x i t y  n ,  t h e n  i t  i s
known [ 4 ]  t h a t  t h e  o p t i m a l  c a s e  i s  t h e  e l l i p t i c  f i l t e r . d e s c r i b e d  by
( [ n / 2 ]  i s  t h e  g r e a t e s t  i n t e g e r  s  n / 2 . )  I n  b o t h  c a s e s  t h e  p o s i t i v e  z e r o s  
o f  RnCts) a r e  g i v e n  by
f t u ? )  -  R^Cu)) ( 2 . 1 4 )
w here  RnCcu) i s  t h e  C hebyshev  r a t  Iona  1 f u n c t i o n  d e f i n e d  by
( 2 . 1 5 )
i - l
and [ n / 2 ]
( 2 . 1 6 )
6(l)j = t/v. 8 n ( 2 . 1 7 )j  n
w here  J = 1 , 3 , 5 , . . . ,  n •  1 i f  n i a  e v e n ;  J = 2 , 4 , 6 , . . . ,  n -  1 ,  i f  n i s
o d d ,  and an u i a  t h e  e l l i p t i c  a i n e  f u n c t i o n ,
an u = s i n  <£, ( 2 . 1 8 )
w here  u and  a r e  r e l a t e d  by
A  dx
“ <*>«> '  J o  J x  -  k!  . l n * x  '  <2- 19)
F i n a l l y ,  K i s  d e f i n e d  by
K = u ( k , n / 2 ) ,  ( 2 . 2 0 )
w here  k i a  a r e a l  num ber ,  0 < k <  1, c a l l e d  t h e  m o d u lu a . (F o r  a d i s -
c u s a i o n  o f  t h e  e l l i p t i c  f i l t e r ,  s e e  f o r  e x a m p l e ,  [ 5 ] ,  pp .  6 0 7 - 6 1 4 . )
The Chebyshev r a t i o n a l  f u n c t i o n  e x h i b i t s  t h e  e q u l r i p p l e  p r o p e r t y
on t h e  I n t e r v a l  0 £  uj s  c ,  w here  c  = JV. < 1 .  I t s  p o s i t i v e  z e r o s  a r e
a l l  on ( 0 , c )  and I t s  ex t remum v a l u e s  t h e r e  a r e  ± 6 ,  g i v e n  by
[ n / 2 ]
6 - k n/> n [ . „  <21 ;  *>*] 3 . <2. 21)
T h e s e  o c c u r  a t  t h e  p o i n t s
Pj  = an “j p ,  ( 2 . 2 2 )
w h e re  J •* 2 , 4 , 6 , . . . ,  n  - 2 ,  f o r  n  e v e n ,  and  J = 1 , 3 , 5 , . . . ,  n -  2 ,  f o r  n
o d d .  A l s o ,  f o r  n e v e n ,  pQ * 0 i s  a  maxim a.  T h e r e f o r e ,  on 0 ^ yj i  c ,
we have
 -- --------- £  A(u>) *  1 ( 2 . 2 3 )
J i  T 7 * 6  ft
From ( 2 . 1 5 )  and  ( 2 . 1 6 )  i t  i a  e v i d e n t  t h a t  t h e  p o l e s  a n d  z e r o s  o f
7Rn (u>) a r e  r e c i p r o c a l s  o f  e ac h  o c h e r ,  and  Chat
Rn( l/u>) « 1/Rn<u>). ( 2 . 2 4 )
Hence A(uj) I s  e q u i r i p p l e  a l s o  i n  t h e  band  u> £: 1 / c  > 1 ,  a s s u m i n g  i t s  
minimum v a l u e  o f  z a r o  a t  t h e  p o l e s  l /u ) j  o f  (uo> and i t s  maximum v a l u e  
o f  - - ------- a t  t h e  p o i n t s  1 / P j ;  t h a t  i s ,  f o r  id > 1 / c ,
e 3/fea
0  S  A (u j) < -------- ; * ( 2 . 2 5 )
VI + e * / 6 *
For  t h e  e l l i p t i c  f i l t e r  t h e  o r d e r  o f  c o m p l e x i t y  i a  t h e  s u b s c r i p t  
n on RnCuj). S i n c e  i t  i s  t h e  o p t i m a l  f i l t e r ,  t h e  t r a n s i t i o n  i n t e r v a l  
l e n g t h  1 / c  -  c i a  a  minimum f o r  a g i v e n  A j ,  Ag, and  n .
D. P r o c e d u r e  f o r  F i n d i n g  t h e  E l l i p t i c  F i l t e r  R esponse
F o r  a  g i v e n  n ,  A j , and Ag, t h e  p r o c e d u r e  f o r  f i n d i n g  A(m) i n  t h e  
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l
y i  + e ®/6a
( 2 . 2 6 )
from  w h ich  we o b t a i n
s»  .  V ( 1  - * , ■ ) ( ! -  A .»J  
A1 Aa
( 2 . 2 7 )
8> _ *a iA  -  * i *
Hence we s e l e c t  ea a s  g i v e n  by t h e  f i r s t  o f  ( 2 . 2 7 )  and s e e k  a  m odu lus  
k so t h a t  t h e  s e c o n d  o f  ( 2 . 2 7 )  i s  s a t i s f i e d .  S i n c e  A, <  ^  < 1 i t  I s
8c l e a r  t h a t  6 may v a r y  f rom  0 t o  1 .  The r a n g e  o f  k I s  a l s o  f rom 0 t o  1 .
I f  k ■ 0 ,  by ( 2 . 1 9 )  we h ave  u * 0  and  by ( 2 . 2 0 )  we h ave  K * n / 2 .  From 
( 2 . 2 1 )  t h e s e  y i e l d  6 “  0 .  From ( 2 . 1 8 )  and  ( 2 . 1 9 )  we h a v e
j n  K * s i n  tt/ 2  -  1 ,
and  i f  k 1,  we h a v e  f rom  ( 2 . 1 9 )  a n d  ( 2 . 2 0 ) ,  K -* <*>. T h e r e f o r e ,  f o r  j  
a n d  n  p o s i t i v e  i n t e g e r s ,
»n ^  ~  sn  K * 1 .  ( 2 . 2 8 )n
T h e r e f o r e ,  by ( 2 . 2 1 )  we h a v e  i f  k » 1, t h e n  6 “ 1,
S i n c e  6 v a r i e s  c o n t i n u o u s l y  from 0 t o  1 a s  k r a n g e s  o v e r  ( 0 , 1 ) ,  
t h e n  g i v e n  any  6, f rom  ( 2 . 2 7 )  we may f i n d  a  c o r r e s p o n d i n g  k .  G ra p h s  o f
6 v e r s u s  „Jk -  c  a r e  shown i n  F i g u r e  2 -1  f o r  n -  2 , 3 .............. , 9 ,  and  J k
r a n g i n g  f rom  .9 2  t o  1 .  As i s  s e e n  from t h e  g r a p h s  f o r  t h e s e  v a l u e s  o f
n and  f o r  6 n e a r  1,  t h e  c h o i c e  o f  k may p r e s e n t  a r i t h m e t i c a l  d i f f i c u l ­
t i e s  s i n c e  k  c a n n o t  a c t u a l l y  a t t a i n  t h e  v a l u e  1 .  Once k i s  fo u n d  we may
d e t e r m i n e  K by ( 2 . 2 0 )  a n d ,  s u b s e q u e n t l y ,  t h e  u)j f rom ( 2 . 1 7 ) .  These  t h e n  
d e t e r m i n e  t h e  C h eb y sh ev  r a t i o n a l  f u n c t i o n  ( ^ ( o O .
Examples  o f  e l l i p t i c  f i l t e r  a m p l i t u d e  r e s p o n s e s  f o r  n  -  4 and  
n -  6 ,  e "  2 . 1 9 5 ,  and  k a s  i n d i c a t e d ,  a r e  shown i n  F i g u r e s  2 -2  and  2 - 3 .
mu
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FIGURE 2-3
CHAPTER I I I  
ULTRASPHERICAL RATIONAL FILTERS
A. The U l t r a a p h e r l c a l  R a t i o n a l  F u n c t i o n
The e l l i p t i c  f i l t e r  h a s  t h e  optimum a m p l i t u d e  r e s p o n s e  b u t  a s  
t h e  p r e v i o u s  c h a p t e r  s u g g e s t s  t h e  t a s k  o f  f i n d i n g  t h e  p r o p e r  m odu lus  
k and  o b t a i n i n g  A(u>) may be a  p r o d i g i o u s  o n e .  The work c o u l d  be s h o r t ­
e ned  a n d  t h e  t h e o r y  made e a s i e r  t o  com prehend  i f  I t  c o u l d  be shown t h a t  
t h e  C h eb y sh e v  r a t i o n a l  f u n c t i o n  I s  a  s p e c i a l  c a s e  o f  a w e l l -k n o w n  s e t  o f  
f u n c t i o n s  h a v i n g  w e l l - e s t a b l i s h e d  c h a r a c t e r i s t i c s .  As was p o i n t e d  o u t  
I n  s e c t i o n  B o f  t h e  p r e v i o u s  c h a p t e r ,  t h i s  was a c c o m p l i s h e d  i n  t h e  c a s e
o f  t h e  C hebyshev  f i l t e r  when I t  was shown t h a t  (^(u}) was t h e  s p e c i a l
1 ac a s e  a  -  —  o f  t h e  p o l y n o m i a l  Fn  (i«) , b a s e d  on t h e  u l t r a s p h e r l c a l
p o l y n o m i a l s .
To c o n s i d e r  t h e  p o s s i b i l i t y  o f  g e n e r a l i z i n g  t h e  C hebyshev  r a ­
t i o n a l  f u n c t i o n  RnG*}) i n  a u s e f u l  way, we o b s e r v e ,  by ( 2 . 1 5 ) ,  t h a t  f o r
n even n /2
Rn (id) ( 3 . 1 )n /a
g
S i n c e  Fn (to) f o r  n even  i s  an  e v e n  p o l y n o m i a l  o f  d e g r e e  n ,  I t  may be
Fn*<“ ) '  *n I T  ‘ >•
l - lo r
12
13
( 3 . 2 )
1-1
Where a n I s  t h e  l e a d i n g  c o e f f i c i e n t  and  a r e  t h e  z e r o s .  I f  t h e
ufc' w e re  t h e  same a s  t h e  z e r o s  o f  1^0*0 t h e n  e v i d e n t l y  ( 3 . 1 )
c o u l d  be  w r i t t e n  Rn -  G^, w h e re
An a n a l y s i s  f o r  t h e  odd c a s e  l e a d s  t o  t h e  same r e s u l t  I f  n / a  i s  r e ­
p l a c e d  by  [n /a  ] .
m a tc h  t h e  r i g h t  and  l e f t  members .  We c o u l d  m a tch  one  c o e f f i c i e n t  on 
e a c h  s i d e  by s e l e c t i n g  a, b u t  t h i s  would  n o t  b e  s u f f i c i e n t  i n  t h e  g e n e r a l  
c a s e  t o  m a tch  t h e  o t h e r  c o e f f i c i e n t s , s i n c e  one c o e f f i c i e n t  c o u l d  be 
c h a n g e d  by s c a l i n g  w i t h o u t  c h a n g i n g  t h e  e q u l r i p p l e  p r o p e r t i e s  w hich  
c h a r a c t e r i z e  t h e  C hebyshev  r a t i o n a l  f u n c t i o n .  In  v ie w  o f  t h i s ,  we a r e  
l e d  t o  c o n s i d e r ,  a s  a p o s s i b l e  g e n e r a l i z a t i o n  o f  R ^U )) ,  t h e  f u n c t i o n ,  
w h ic h  we d e f i n e  a s  t h e  u l t r a s p h e r l c a l  r a t i o n a l  f u n c t i o n ,
w h e re  a  a n d  b a r e  r e a l ,  and  n -  2 , 3 , 4 , . . .  . The c a s e s  n  -  o a n d  n  -  1 
a r e  t r i v i a l  ( f Q -  1,  f t  -  iu) and  h ave  no c o u n t e r p a r t  I n  t h e  Rn(u)), a s  
may be s e e n  f ro m  ( 2 . 1 5 )  and  ( 2 . 1 6 ) .  E v i d e n t l y  fn  h a s  t h e  same g e n e r a l  
fo rm  a s  Rn, I t s  c o m p l e x i t y  I s  t h e  same, i t s  p o l e s  and  z e r o s  a r e  r e c i p ­
r o c a l s  o f  e a c h  o t h e r ;  a n d ,  l i k e  1 ^ ,  i t  s a t i s f i e s  t h e  r e l a t i o n s
Gn (tu) “  a/1 Fn a ( l /u ) ) ( 3 . 3 )
I n  ( 3 . 3 )  we h a v e  one  p a r a m e t e r ,  a ,  t o  v a r y  i n  a t t e m p t i n g  t o
( 3 . 4 )
f n ( a , b ; l )  -  < - l ) [ n / s ] ( 3 . 5 )
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f n ( a , b ; l / u > )  -  l / f n ( a , b ; u ) ) . ( 3 . 6 )
A l t e r n a t e l y  we may w r i t e  ( 3 . 4 )  i n  t h e  fo rm
( _ 1 ) t n/2  1 P ( a ’ a \ b u j )  
f n (a ,b ;u>) -  -----   ( ? ----------------- ( 3 . 7 )
n  /  / t  /  vu> Pn (b/iu)
t ft fl)w h e re  Pn * (tu) i s  t h e  u l t r a s p h e r l c a l  p o l y n o m i a l  d e f i n e d  by ( 2 . 8 ) .
B. D e t e r m i n a t i o n  o f  t h e  P a r a m e t e r s
F o r  p u r p o s e s  o f  c o m p a r in g  t h e  C hebyshev  r a t i o n a l  f u n c t i o n  w i t h  
t h e  u l t r a s p h e r l c a l  r a t i o n a l  f u n c t i o n  we may w r i t e  ( 2 . 1 5 )  and  ( 2 . 1 6 )  i n  
t h e  form
, , [n /a  ] , n , n -a  n-+ .
^(u,) - (-D (u) +_cnu>___+ gajjj____+ .... )
1 +  CTiU)3 +  a 9  uJ4 + .................
[n/a 1
, . .  [n/a ] V *  n - a i( - 1 )  C^U)
 — ------------------- ; n -  2 , 3 , 4 , . . . .  ( 3 . 8 )
i - o
w here  ( - l ) * a ^  ■ sum o f  a l l  t h e  to j 3 t a k e n  i  a t  a  t i m e ,  i  ■ 1 , 2 , 3 , . . . ,  
[n /a  ] ,  and  ct0 ■ 1.
The u l t r a s p h e r l c a l  p o l y n o m i a l s  may be w r i t t e n  i n  t h e  fo rm  ( s e e  
f o r  e x a m p l e ,  [ 6 ] ,  p .  277)
- n - a i( 2 a + 2 n - 2 i )  x---------   ^ (3>9)
2a+rrt-l) r ( a + n - i )
>n ( a -a ) (x) -  y  ( - D 1 r<
"  / - •  i ! ( n - 2 i )  ( 2n_1 r (i - o
and  h e n c e  by ( 3 . 7 )  we may w r i t e
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( - 1 )
[ n / a  ]
[ n /a  ] V"1 n-a  1> A . u)/  ■ n -a  1
f_(a,b;u>) -  -------------------— ----------------------  (3 .1 0 )
[ n / a ]
V ' 7
/  A . a? 1/  ' n -a  i  
1 =  0
w h ere
A 3 ____( - 1 ) 1 n l  T ( a f n )  f  ( 2 a + 2 n - 2 1 + l )   ^ ( 3 a i )
n -a l 2(11) (n-21) I r (*4 -n -i+ l) r(2*+2n)bS i
We have  n o r m a l i z e d  f by d i v i d i n g  t h e  n u m e r a t o r  and  d e n o m i n a t o r  by
r  (a+rH-1) r ( 2 a + 2 n ) b n 
2n  1 n l  r (2 a+ rH - l )  T ( a + n )
t o  make An = 1 .  The e x p r e s s i o n  ( 3 . 1 1 )  may be  s i m p l i f i e d ,  i f  a  i s  n o t  a  
n e g a t i v e  i n t e g e r ,  t o  t h e  form
A -  ( - 1 ) 1 n l  rC a+ n)  f ( 2 a + 2 n - 2 1 )  ( 3 a 2 )
n _ a l  1! ( n - 2 i )  I r  ( a f n - i )  r ( 2 a + 2 n ) b a i
f o r  I^Ctu) and  f n ( e , b ; u j )  t o  be  i d e n t i c a l  i t  i s  n e c e s s a r y  t h a t  
CTl "  An - s  » CTa “  An-4 *
o r
  n l - T ( a + n )  r ( 2 a + 2 n - l ) ____
2 ( n - 2 )  I r ( a + n ) r ( 2 a + 2 n ) b a  *
.  nl r(a+-n) r(2a+ 2n -3)
4 ( n - 4 )  t r ( i H - n - l )  r(2*H-2n)b* ■
T h ese  r e d u c e  t o
n ( n - l )
CTl ‘ 2 ( 2 a + 2 n - l ) b =  ’
( 3 . 1 3 )
n C n - 1 ) ( n - 2 ) ( n - 3 )
CT2 “  8 ( 2 a + 2 n - l ) ( 2 a + 2 n - 3 ) b *  *
16
f rom which  we may s o l v e  f o r  a  a n d  b t o b t a i n i n g  f o r  n ■ 4 , 5 , 6 , . . . ,
a  = ( n - 2 ) ( n - 3 ) ( 2 n - l )  o,* - 2 n ( n - l ) ( 2 n - 3 )  q a 
2 [ 2 n ( n - l )  a a - ( n - 2 ) ( n - 3 )  0l3]
and
ys  = ( n - 2 )  ( n - 3 )  o ?  -  2 n ( n - l )  qa
8 cti  ct8
The c a s e s  n*2 and  n » 3 a r e  s p e c i a l  c a s e s  s i n c e  f o r  t h e s e  v a l u e s  o f  
oa ■ 0 .  ( T h i s  i s  t r u e  a l s o  f o r  cti , i  -  3 , 4 , . . . ,  [ n / a ] . )  Hence ,  by 
f i r s t  o f  ( 3 . 1 3 ) ,  we have
( 2 a  + 3)b?  -  -  —  , n 2 ,
Cti
( 2 a  + 5)b® -  -  —  , n -  3 .
CTi
C
T h u s ,  f o r  t h e s e  c a s e s ,  a and  b a r e  n o t  u n i q u e .
I f  we c l e a r  ( 3 . 1 0 )  o f  com plex  f r a c t i o n s  by  m u l t i p l y i n g  t h e  
n u m e r a t o r  and d e n o m i n a t o r  by t h e  l e a s t  common d e n o m i n a t o r  o f  An-2 i 
t h e  r e s u l t  i s
f n (a ,b ; iu )  -  ( ~1.  ^ + Bn - atiJ 8 + *+ • ‘ • ) (;
Bn "h ®n-8 ^^ ' f ^ n -411^  • * •
The c o e f f i c i e n t s  Bn_a ^ a r e  t a b u l a t e d  i n  T a b l e  I  f o r  n -  2 , 3 , . . . , 9 ,  
a r e  g i v e n  i n  g e n e r a l  by
I " / 3 1 - t  *.n_a In ^a 1
B ( - 1 )  J nl b
" - » ( " / > ]  (  [ d / s  I )  I 2 | n / a l
„ ( - 1 ) 1 n! ( 2 a + 2 n -2 1 - lH 2 a * -2 n - 2 1 -3 )  ■ ■ ■ f 2 a + 2 n -2 ln /a  l + l ) b n-a 1
°n-a  i  t
i !  (n - 21) I 2







. 1 7 )
and
TABLE I
COEFFICIENTS IN fn (a,b;iu)
n ®n-a “n-a 8n-g ®n-6
2 2 (a + f )  b» -1
3 -3b
4 4 (» + ! ) ( •  + l )  b* -12 ( . + f )  h> 3
5 4 (* + 2)(a + I )  * -20 (a + j j  b» 15b
6 • H H M ) * -60 (a + | ) ( a  + f )  *
90 (a + b8 -15
7 -84 (« + f  ) ( • ♦ $ )  bP 210 (a + b» -150b
8 16f  + D a + T ] ^ T ) - + T ) b6 -2 2 * ( . + f ) ( .  + ^ ) ( .+  £ ) * 840^a + | j ( a + y j  b* -840 a^ + | )  b8 105
9 16(. + ^ ) ( a + ^ ( a  + ^ ( a + ^ )« > -288 ( . + ^ )(a  + ^ ( a ^ ) b 7 1 5 1 2 (a + -U )(. + f ) b a -2520^a + y j b 8 945b
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Exam ples  o f  u l t r a s p h e r i c a l  r a t i o n a l  f i l t e r  a m p l i t u d e s  a r e  shown 
i n  F i g u r e s  3 -1  and  3-2  f o r  v a l u e s  o f  a  and  b c a l c u l a t e d  from ( 3 . 1 4 )  
and  ( 3 . 1 5 )  f o r  g i v e n  e l l i p t i c  f i l t e r  a m p l i t u d e s .  t n  F i g u r e  3 -2  t h e  
e f f e c t  on t h e  r i p p l e  w i d t h  o f  v a r y i n g  e i s  i l l u s t r a t e d .
C . Bounds on t h e  P a r a m e t e r s
I t  i s  s u f f i c i e n t ,  o f  c o u r s e ,  f o r  Rn and f n t o  be  i d e n t i c a l  i f ,  
i n  a d d i t i o n  t o  ( 3 . 1 3 ) ,  we have
-  Aji.S i  ; i  -  3 , 4 , 5 , . . . , [ n / s ] ( 3 . 1 8 )
f o r  t h e  v a l u e s  o f  a and b g i v e n  by ( 3 . 1 4 )  and  ( 3 . 1 5 ) .  Fo r  t h e  c a s e s  
n  -  2 , 3 , 4 ,  a n d  5 ,  ( 3 . 1 8 )  I s  t r i v i a l l y  s a t i s f i e d  s i n c e  b o t h  i t s  members 
a r e  z e r o .  F o r  c a s e s  n -  6 , 7 , 8 ,  and  9 ,  ( 3 . 1 8 )  h a s  b e e n  d e m o n s t r a t e d  t o  
be  t r u e  f o r  v a r i o u s  m o d u l i  k ,  a n d  i s  h e r e  s t a t e d  a s  a  c o n j e c t u r e .  
S p a c i f i c a l l y , t h e  c o n j e c t u r e  i s  t h a t  ( - 1 ) ^  t i m e s  t h e  sum o f  a l l  t h e  
ojj3 , g i v e n  by ( 2 . 1 7 ) ,  t a k e n  i  a t  a t i m e ,  i s  e q u a l  t o  A n - a i ,  g i v e n  by 
( 3 . 1 2 ) .  Fo r  e x a m p l e ,  f o r  n  ■ 6 ,  we h a v e
« K 9 3K ,  5K -1 5
03 ~ -k* snr — s r r  -7-  snr ~r~ ■ ---------------------------------------
b ( 2 a + l l )  (2a+9)  (2fH-7)b6
w here
a  .  U q £ - _ 4 5 q 3 ?
10cjs - 2cti®
_ 3axa : _1_5c8 _
2 o l 0 s
a i  -  - k  ( s r r»  |  + sn8 ^  + sn3 ^  ,
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I t  i s  n o t  d i f f i c u l t  t o  e s t a b l i s h  ( 3 . 1 8 )  f o r  t h e  l i m i t i n g  c o s e s ,  
k = 0 and  k = 1 , w h ic h  a l s o  s e r v e  to  e s t a b l i s h  t h e  bounds  on a  and  b .
I f  k = 1 , we h a v e ,  by ( 2 . 2 8 ) ,  t h a t  u)j = 1 , and  h e n c e
a t  m ( - 1 ) 1 ( [ n ( s ] )  ; 1 = 0 , 1 , 2 , . . . , [ n / a ] .  ( 3 . 1 9 )
A ls o  f o r  t h i s  c a s e ,  by ( 2 . 1 5 )  and  ( 2 . 1 6 )  we have
Rn(u)) = 1, n ev en  
= u>, n o d d .
L e t  u s  now c o n s i d e r  t h e  f u n c t i o n  f n f o r  t h e  c a s e  a = - [ n / a ] and 
b = 1,  f o r  w h ic h  we h ave  by ( 3 . 1 2 ) ,
.  c - 1 ) 1 n :  r  (n  -  [ „ / . »  r  o „  -  , - 2 0  .
A n . s t  "  I . ' ( n  -  2 1 )  ! T ( n  -  [ n / a j  -  1 )  T ( 2 n  -  2 [ n / a ] )  '
I f  n = 2m, t h e n  [ n / a ]  = m, and  ( 3 . 2 0 )  becomes
. _ ( - D 1 ( 2^ ) i  r  („) r  ( 2m - 21 )
^ “a l  ■ I !  ( 2m -  2 1 ) ; r  (m -  1) r  ( 2m)
( - 1 ) 1 ( 2m)(m -  1) :
= l i  (2m -  21 )  (m -  1 -  1) .'
.  C-1) 1 °» I
i i  (m -  1)  J
(?)
1 ^ [ n / a ] j= ( - 1 )
( 3 .2 1 )
I f  n = 2m + 1 ,  t h e n  [ n / s ]  *= m and  f o r  t h i s  c a s e  a l s o  ( 3 . 2 0 )  becomes 
( 3 . 2 1 ) .
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Hence  Che l i m i t i n g  c a s e  k = 1 c o r r e s p o n d s  t o  t h e  v a l u e s
a = - [ n / a ] ,  b = 1, and f o r  t h i s  c a s e  ( 3 . 1 8 )  h o l d s .
F o r  k = 0 ,  we h a v e  snK <= s i n  ~  » 1 and s i n c e  sn « s i n  -4^ i s  * 2 n 2n
b o u n d e d ,  we h a v e  by ( 2 . 1 7 )  t h a t  u)j ■ 0 .  T h e r e f o r e ,  f o r  t h i s  c a s e  Cf£ = 0 ,
i  = 1 , 2 , . . . , [ n / a  ] .  Hence  by  ( 3 . 8 )  we have
^ ( uj)  = ur*n ( 3 . 2 2 )
and t h u s  f o r  k = 0 t h e  e l l i p t i c  f i l t e r  becomes t h e  B u t t e r w o r t h  f i l t e r .
L e t  us  now c o n s i d e r  what h a p p e n s  t o  £  a n d  J> when -• 0 .  From 
( 3 . 1 3 )  i t  i s  c l e a r  t h a t  f o r  t h i s  c a s e  e i t h e r  a  -* » ,  o r  b -• o r  b o t h .
I t  i s  known ( s e e  f o r  e x a m p l e ,  [ 7 ] ,  p .  573) t h a t  f o r  k s u f f i c i e n t l y  n e a r  
z e r o ,  we may a p p r o x i m a t e  sn  u by
k8sn u ~  s i n  u -  (u -  s i n  u c o s  u )  c o s  u .  ( 3 . 2 3 )
S i n c e  i n  t h i s  c a s e ,  K M we may a p p r o x i m a t e  Oi by
a , -  -  Y , “ j*  * '  X  k ■"*
»  -  o k ,  ( 3 . 2 4 )
w h e re
a  = y* ‘ s i n 8 • ( 3 . 2 5 )
J
The s u n m a t i o n  i s  on j  = 1 , 3 , . . . ,  n -  1 i f  n i s  ev en  and  on j  ■= 2 , 4 , . . . ,  
n * 1 i f  n i s  o d d .  A l s o  we may w r i t e
cra «  pk8 ( 3 . 2 6 )
w here  P i s  t h e  sum o f  a l l  t h e  p r o d u c t s  t a k e n  two a t  a  t i m e  o f  t h e  f u n c ­
t i o n s  ^ s i n 8 2^ ^ ,  w here  J I s  a s  d e s c r i b e d  a b o v e .  Hence we h ave
23
a3 = 20 + ^ ' s i n 4 ^  ( 3 , 2 / )
j
where  Che sum m at ion  i s  aa  I n  ( 3 , 2 5 ) ,
We may £ ln d  t h e  sums o f  t h e  s e r i e s  d e f i n i n g  a  and  3 by t h e  known 
f o r m u l a s
^ 4  s i n  y  n 9 c o s  y  (n + 1) 9
N  c o s  r  0 = ---------------------:-------------------------- , ( 3 , 2 8 )
7 A  8 l "  2 9
s in *  9 = j  -  ~  co s  2 9 ,  ( 3 . 2 9 )
s i n 4 9 = 4 - 4 '  c o s  2 0 + 4  c o s  4 9 ,  ( 3 . 3 0 )O lm O
The r e s u l t s  a r e ,  f o r  b o t h  n even  and n o d d ,
n n3 — 3n ^ t  i \Qf = y  , 0 = * ( 3 . 3 1 )
VcT h e r e f o r e ,  f o r  k s u f f i c i e n t l y  s m a l l ,  we have  cti »  - n  — and  
k3a a «  (n* -  3n) —  . Hence we have
CTi a 2n
cfe n - 3
and h e n c e ,  by ( 3 . 1 4 ) ,  we h ave  f o r  t h e  l i m i t i n g  c a s e ,
( 3 . 3 2 )
a  = -  \  ( 3 . 3 3 )
A l s o ,  s u b s t i t u t i n g  ( 3 . 3 2 )  i n t o  ( 3 . 1 5 ) ,  we have
b ~  i  ( 3 . 3 4 )
a nd  h e n c e  i f  k -• 0 , t h e n  b -* » .
In  summary, f o r  t h e  u l t r a s p h e r i c a l  r a t i o n a l  f u n c t i o n  t o  be t h e
Chebyshev  r a t i o n a l  f u n c t i o n ,  t h e  p a r a m e t e r s  l i e  i n  t h e  r a n g e
24
- [ n / a  ] <  a < -  \  ,
1 < b <  <*> ,
c o r r e s p o n d i n g  t o  t h e  r a n g e  o f  t h e  m o d u lu s ,
1 > k  > 0 .
In  p a r t i c u l a r ,  k = 1 c o r r e s p o n d s  t o  a  = - [ n / a ] and  b = 1,  i n  w h ich  c a s e
f n = Rh = 1 , n ev en  
= (ii, n odd .
The c a s e  k = 0 c o r r e s p o n d s  t o  a = ■ |  and  b -* « ,  i n  w h ich  c a s e
f n» = Rj,3 = u ? n .
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  l i m i t i n g  c a s e  a = -  ^  i s  a l s o
g
t h e  c a s e  f o r  w h ic h  t h e  u l t r a s p h e r i c a l  p o l y n o m i a l  Fn ( i d )  becomes t h e  
Chebyshev  p o l y n o m i a l  Cn (u)).
D. The R i p p l e  Width
I n  t h e  c a s e  o f  th p  e l l i p t i c  f i l t e r  and  t h e  u l t r a s p h e r i c a l  f i l t e r ,
when a  and  b a r e  c h o s e n  by ( 3 . 1 4 )  and  ( 3 . 1 5 ) ,  t h e  r i p p l e s  a r e  e q u a l  i n
t h e  p a a s - b a n d  and  i n  t h e  s t o p - b a n d .  The r i p p l e  w i d t h  on 0 £  u> < c = ,Jk 
i s  g i v e n  by
RW„ = 1 -  A, = 1 ----------- ±---------  ( 3 . 3 5 )
p j \  +
a n d  on  (i) 2  — = —-— by
c J *
RWn = A n ------------   ( 3 . 3 6 )
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The v a l u e s  o f  At and  come from ( 2 . 2 6 )  and t h e  d e v i a t i o n  6 i s  g i v e n  by 
( 2 . 2 1 ) .
I n  t h e  c a s e  n e v e n ,  we may d e t e r m i n e  t h e  r i p p l e  w i d t h  i n  t e r m s  o f
n ,  a ,  and  b ,  s i n c e  i n  t h i s  c a s e  we have
At = A(0)  = 1 , ( 3 . 3 7 )
J l  + 6s f na ( a , b ; 0 )
and
6 = f n ( a , b ; 0 ) .  ( 3 . 3 8 )
For  n e v e n ,  by ( 3 . 1 0 )  and  ( 3 . 1 2 )  we h ave  
f „ < a , b ; 0 ) = ^
w here  An = 1, and
A -  ( - l ) n / a  n l T (a  + n)  T ( 2a + n)
“ ( n / a ) :  r  ( a  + n / a )  T ( 2a + 2n ) b b *
Hence  we h a v e
 n! T ( a  + n )  T ( 2a + n)
= ( n / a ) »  T ( a  + n / a ) r  ( 2a  + 2n ) b ri ( 3 . 3 9 )
CHAPTER IV
OBTAINING THE ELLIPTIC FILTER
A. G rap h s  o f  t h e  P a r a m e t e r s
As we h ave  s e e n  i n  C h a p t e r  I I ,  t h e  d e v i a t i o n  6 v a r i e s  c o n t i n u o u s ­
l y  f rom 0 t o  1 a s  t h e  m odu lus  k o f  t h e  e l l i p t i c  f i l t e r  v a r i e s  f rom  0 t o  
1.  A g r a p h  o f  6 v e r s u s  c * was g i v e n  i n  F i g u r e  2 - 1 .
I t  i s  a l s o  p o s s i b l e ,  f o r  0 <  k <  t ,  t o  c a l c u l a t e  Qj and cra f o r
v a r i o u s  v a l u e s  o f  n and  u s e  t h e  r e s u l t s  t o  o b t a i n  a and b f rom  ( 3 . 1 4 )
and ( 3 . 1 5 ) .  S i n c e  e a c h  k c o r r e s p o n d s  t o  a  ft, i t  i s  p o s s i b l e  t o  p l o t  
g r a p h s  o f  ft v e r s u s  b and ft v e r s u s  a  i n  t h i s  m anner .  G raphs  o f  ft v e r s u s  
b ,  f o r  n = 4 , 5 , . . . , 9 ,  and  f o r  1 £  b £ 1 . 2 4 ,  a r e  shown i n  F i g u r e  4 - 1 ;  
and  g r a p h s  o f  6 v e r s u s  a f o r  n = 4 , 5 , . . . , 9  and  v a r i o u s  r a n g e s  o f  a ,  a r e  
shown i n  F i g u r e s  4 - 2 ,  4 - 3 ,  and  4 - 4 .  T h i s  i n f o r m a t i o n  may a l s o  be u sed  
t o  p l o t  g r a p h s  o f  a  v e r s u s  b ,  which  a r e  shown f o r  n = 4 , 5 , 6 ,  and 7 in  
F i g u r e s  4 - 5  and  ' t . 6 .
Hence i t  i s  p o s s i b l e  t o  s e l e c t  a  g i v e n  modulus  k ,  0 <  k < 1 ,  and
o r d e r  n ,  and  f rom  t h e  g r a p h s  o b t a i n  t h e  c o r r e s p o n d i n g  a and b .  From
F i g u r e  2 - 1 ,  t h e  v a l u e s  o f  k and  n d e t e r m i n e  6 , w h ich  t h e n  may be u sed  
i n  F i g u r e  4 - 1  t o  o b t a i n  b ,  and  i n  F i g u r e s  4 - 2 ,  4 - 3 ,  o r  4 - 4  t o  o b t a i n  a .  
A l t e r n a t e l y ,  t h e  k n o w le d g e  o f  b and n may be u s e d  i n  F i g u r e s  4 - 5  o r  4 -6  
t o  o b t a i n  a .  (G ra p h s  f o r  h i g h e r  v a l u e s  o f  n c o u l d  be p l o t t e d  i f  
n e c e s s a r y . )
F o r  e x a m p l e ,  s u p p o s e  i t  i s  g i v e n  t h a t  n = 4 an d  = . 9 7 ,  o r
k =■ . 9 4 1 .  From F i g u r e  2 -1  we f i n d  t h a t  ft * . 2 6 .  Then f rom  F i g u r e  4 -1  
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we see  from F i g u r e  4 - 5  t h a t  I f  a  * - 1 . 6 8 5 ,  t h e n  b =* 1 . 1 8 0 ,  w h ic h  c h e c k s  
t o  two d e c i m a l  p l a c e s .
B. P r o c e d u r e  f o r  F i n d i n g  t h e  E l l i p t i c  F i l t e r
I n  t h i s  s e c t i o n  we s h a l l  c o n s i d e r  a  d i r e c t  m e thod  o f  o b t a i n i n g  
t h e  o p t i m a l  ( e l l i p t i c )  f i l t e r  f ro m  a  g i v e n  s e t  o f  s p e c i f i c a t i o n s .  Sup­
p o s e  t h a t  I t  I s  d e s i r e d  t o  o b t a i n  a m a g n i t u d e  f u n c t i o n  o f  minimum com­
p l e x i t y  whose  g m p h  l i e s  In  t h e  s h ad e d  a r e a  shown i n  F i g u r e  4 - 7 ,  w i t h  
t r a n s i t i o n  I n t e r v a l  s p e c i f i e d  by c .  S i n c e  we know t h a t  such a n  o p t i m a l  
f i l t e r  i s  t h e  e l l i p t i c  f i l t e r ,  t h e  p r o b l e m  i s  t h e n  t h a t  o f  f i n d i n g  an  
a p p r o p r i a t e  a  and  b w i t h  w h ic h  t o  c o n s t r u c t  t h e  u l t r a s p h e r i c a l  r a t i o n a l  
f u n c t i o n  f n ( a ,b ; u i )  f o r  a  minimum n .
From t h e  g i v e n  v a l u e s  o f  A! and  Ag we c a l c u l a t e  e3 and  63 g i v e n  
by ( 2 . 2 7 ) ,  and  f ro m  t h e  c a l c u l a t e d  v a l u e  o f  6 and  t h e  known v a l u e  o f  c ,  
we may s e l e c t  f rom F i g u r e  2 -1  t h e  minimum n w h ich  e i t h e r  a c h i e v e s  o r  
b e t t e r s  t h e  g i v e n  c .  U s i n g  t h e  known v a l u e s  o f  5 and  n ,  we o b t a i n  t h e  
a p p r o p r i a t e  v a l u e  o f  b f rom  F i g u r e  4 - 1 ,  and  t h e  a p p r o p r i a t e  v a l u e  o f  a 
f ro m  one o f  F i g u r e s  4 - 2 ,  4 - 3 ,  o r  4 - 4 .  A l t e r n a t e l y  we may o b t a i n  a  from 
t h e  kno w led g e  o f  n and  b by u s i n g  one o f  F i g u r e s  4 - 5  o r  4 - 6 .  (A more  
c o m p l e t e  s e t  o f  g r a p h s  c o u l d  be  d r a m  by c o n s i d e r i n g  v a l u e s  o f  n  beyond  
n  -  9 .  I t  s h o u l d  be n o t e d  t h a t  a n  e l l i p t i c  f i l t e r  h a v i n g  n * 9 i s  com­
p a r a b l e ,  i n  f a c t  s u p e r i o r ,  t o  a  C h eb y sh e v  f i l t e r  o f  o r d e r  1 8 . )
C. An Example
To i l l u s t r a t e  t h e  m e thod  o f  o b t a i n i n g  t h e  p a r a m e t e r s  a  and  b 
w h ic h  y i e l d  t h e  e l l i p t i c  f i l t e r  f o r  a  g i v e n  s e t  o f  s p e c i f i c a t i o n s ,  a s  
shown i n  F i g u r e  4 - 7 ,  l e t  u s  c o n s i d e r  t h e  f o l l o w i n g  e x a m p l e .  Suppose  i t  
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Aj -  . 9 ,
Aa = . 1 ,  ( 4 . 1 )
. 9 9  s c  < 1.
By ( 2 . 2 7 )  we have
«a = - 1 ~ = 4 . 8 1 9 ,
and
62 = *S J 1 A1L_ = . 0 4 8 7 ,
Ai <yr_- Ag3
o r  6 = . 2 2 1 .  From F i g u r e  2 -1  i t  i s  s e e n  t h a t  t h e  minimum n f o r  t h i s  
v a l u e  o f  6 and  t h e  g i v e n  c i s  n = 6 . ( T h i s  v a l u e  a c t u a l l y  c o r r e s p o n d s  
t o  c = . 9 9 4 5 ,  w h e r e a s  n = 5 y i e l d s  o n l y  c  * , 9 8 6 . )  From F i g u r e  4 - 1  we 
have  b = 1 .0 6 6  a n d  f ro m  F i g u r e  4 - 3  we h ave  a = - 2 . 4 7 .
Hence t h e  e l l i p t i c  f i l t e r  s a t i s f y i n g  t h e  s p e c i f i c a t i o n s  o f  ( 4 . 1 )  
h a s  m a g n i t u d e  f u n c t i o n  g i v e n  by
A(u)) =    —  1 ■ -   ( 4 . 2 )
+ 4 . 8 1 9  f e fl ( - 2 . 4 7 , 1 . 0 6 6 ;  m)
A p l o t  o f  t h i s  f u n c t i o n  l a  shown i n  F i g u r e  4 - 8 ,  w here  i t  may be s e e n  t h a t  
t h e  e q u i r l p p l e  p r o p e r t y  i s  p r e s e n t  and  t h a t  ( 4 . 1 )  i s  s a t i s f i e d .
D. The PATERH S e a r c h  S t r a t e g y
A n o t h e r  m ethod  o f  o b t a i n i n g  t h e  e l l i p t i c  f i l t e r  by v a r y i n g  t h e  
p a r a m e t e r s  a  and b i s  t o  u s e  t h e  c o m p u t e r  t o  e x p l o i t  t h e  f a c t  t h a t  t h e  
e l l i p t i c  f i l t e r  i s  t h e  o p t i m a l  f i l t e r .  T h i s  may be done by u s i n g  a com­
p u t e r  p ro g ram  w h ic h  d e t e r m i n e s  one  o r  m ore  p a r a m e t e r s  w h ic h  m in im i z e  
some p r e - s e l e c t e d  c o s t  f u n c t i o n .  T h i s  i s  done by c o m p u t in g  t h e  c o s t  
f o r  a  w ide  r a n g e  o f  p a r a m e t e r s  and s e l e c t i n g  t h e  o n e s  w h ic h  p r o d u c e  












Such a  p r o g r a m  l a  t h e  PATERN s e a r c h  s t r a t e g y  [8 ] ,  w h ich  i s  a v a i l ­
a b l e  a t  t h e  C o l l e g e  o f  E n g i n e e r i n g ,  L o u i s i a n a  S t a t e  U n i v e r s i t y .  In  
o r d e r  t o  u s e  P a t e r n  i n  a  d i g i t a l  s e a r c h ,  t h r e e  p ro g r am s  a r e  r e q u i r e d  
b e s i d e s  s u b r o u t i n e  P a t e r n  a s  shown i n  t h e  Macro  f l o w  c h a r t ,  which  
f o l l o w s .
MAIN PROGRAM
C o n t a i n s  t h e  o v e r a l l  l o g i c  p e c u l i a r
t o  t h e  p a r t i c u l a r  s t u d y  b e i n g  made.  I t  a l s o  
d e f i n e s  a l l  t h e  i n i t i a l  s e a r c h  P a r a m e t e r s  and  
c a l l s  S u b r o u t i n e  P a t e r n .
PATERN
O p t i m i z a t i o n  S u b r o u t i n e  w h ic h  c o n d u c t s  t h e  s e a r c h
s p e c i f i e d  i n  t h e  m a in  p ro g r a m  and  RETURNS o n l y  a f t e r  t h e  
op t imum a n s w e r  h a s  b e e n  d e t e r m i n e d .
~  r ~ ?
PROC.
S u b r o u t i n e  c a l l e d  by P a t e r n .
I t  c o n t a i n s  t h e  p a r t i c u l a r  f u n c t i o n  
t o  b e  s e a r c h e d .  G iven  a  v a l u e  f o r  
a  s e t  o f  s e a r c h  P a r a m e t e r s  PROC 
c a l c u l a t e s  a  c o r r e s p o n d i n g  v a l u e  
o f  c o s t  ■ f ( P ) .
The s u b r o u t i n e  P a t e r n  c o n t a i n s  a l l  t h e  n e c e s s a r y  l o g i c  r e q u i r e d  
t o  p e r f o r m  a  p a r t i c u l a r  o p t i m i z a t i o n .  I t  i s  e s s e n t i a l l y  s e l f - c o n t a i n e d  
and  i s  i n  r e a d y - t o - u s e  form* However,  PROC and  BOUNDS a r e  b o t h  s u b ­
r o u t i n e s  w h ich  a r e  w r i t t e n  p a r t i c u l a r l y  f o r  t h e  p r o b l e m  u n d e r  s t u d y .
A s e t  o f  f i l t e r  s p e c i f i c a t i o n s  i s  g i v e n  i n  F i g u r e  4 - 7 .  One i s  
a s k e d  t o  d e t e r m i n e  A(m) su ch  t h a t
BOUNDS
S u b r o u t i n e  c a l l e d  by  P a t e r n  
t o  d e t e r m i n e  i f  a  p a r t i c u l a r  s e t  
o f  s e a r c h  p a r a m e t e r s  h ave  v i o l a t e d  
a n y  c o n s t r a i n t .
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Am ax A (to) is A i , | a) | s c  ,
(A. 3)
A (to) s  Ag , | to | ^ ~  ,
f o r  t h e  s m a l l e s t  p o s s i b l e  v a l u e  o f  ( S i n c e  m i n i m i z i n g  r e s u l t s
o p t i m a l  f i l t e r . )
A(tu) i s  w r i t t e n  i n  t h e  form
A(uu) “  1 ■ —  ( A , 4)
A  + e3 t f n ( a , b ; u j )  J®
w h ere
< - l ) [ n / 3 j  F a (boo)
f n ( a , b ; m )  -  —  -----    , ( A . 5)
u) ?n (b/iu)
a s  p r e v i o u s l y  d e f i n e d ,  i s  t h e  u l t r a s p h e r i c a l  r a t i o n a l  f u n c t i o n  w i t h  a 
and  b r e a l ,  and  n ■ 2 , 3 , 4 , . . .  .
We d e f i n e  c o s t  a s
C os t  -  ^ ■ + | Z i - A 1 l + | z f l - A s | ,  ( A . 6)
w here  f o r  an y  p a r t i c u l a r  v a l u e  o f  a  and  b ,
Zj -  minimum v a l u e  o f  A (to) i n  0 < (# < c 
Zg -  maximum v a l u e  o f  A (to) i n  tu >  ~  .
S in c e  PATERN c a l l s  f o r  PROC and P r o c  c a l l s  f o r  C o s t ,  t h e n  s u b r o u ­
t i n e  P a t e r n  c o n d u c t s  t h e  s e a r c h  t o  f i n d  t h e  b e s t  a and  b ,  such  t h a t  t h e  
c o s t  becom es  minimum. Minimum c o s t  r e s u l t s  i n  | Zj -  A j ( and  | Zg - Ag(
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v i r t u a l l y  g o i n g  t o  z e r o ,  which  g u a r a n t e e s  ( 4 . 3 )  t o  be  s a t i s f i e d ;  a l s o
— h a s  t h e  s m a l l e s t  v a l u e  w h ic h  r e s u l t s  i n  t h e  o p t i m a l  f i l t e r .c
The c o s t  f u n c t i o n  may be w e i g h t e d ,  e q u a l l y  o r  o t h e r w i s e ,  i n  o r d e r  
t o  im p ro v e  t h e  o u t p u t  r e s u l t s .  The c o n s t r a i n t s  f o r  s u b r o u t i n e  BOUNDS 
a r e
a < - ~  , b >  1 ,
1 £  Zt  £ Ay , 0 < ( i ) < c ,
O - s Z a S A e ,  U) >  ^  .
E. An Example
To I l l u s t r a t e  t h e  m ethod  o f  o b t a i n i n g  t h e  p a r a m e t e r s  a  and  
w h ich  y i e l d  t h e  o p t i m a l  f i l t e r  f o r  a  g i v e n  s e t  o f  s p e c i f i c a t i o n s ,  l e t  
u s  u s e  Ax -  . 9 8  and Ag -  , 0 7 5  N ■ 5; a s  an  i n p u t  d a t a .  The o u t p u t  
a f t e r  281 f u n c t i o n a l  e v a l u a t i o n s  w i t h  c p u - t i m e  e q u a l  t o  one m i n u t e  and  
n i n e  s e c o n d s  i s  a s  f o l l o w s :
C o s t  -  1 .0 4 8 0 2  
a  — 1 . 6  7656 
b -  1 .1 2 9 6 4
c “  tjk" *  . 9 5 5 3 4 4
z i  “  Ai "  .978727
Z, -  Ag -  .0 7 5
e -  1 .6 4 3 1 1
A p l o t  o f  t h i s  s p e c i f i c a t i o n  i s  shown i n  F i g u r e  4 - 9 .
By ( 2 . 2 7 ) ,  f o r  Ax * .9 8  a n d  Ag ■ .075^ we h a v e  6 "  . 1 2 2 5  and 
c ■ 1 .6 4 3 1 1 .  From F i g u r e  4 - 1 ,  f o r  n » 5 ,  we h a v e  b * 1 . 1 2 8 ,  and  f rom  
F i g u r e  4 - 2  we have  a  “  - 1 . 6 8  w h ich  shows a  v e r y  s m a l l  d i f f e r e n c e .  A
p l o t  w i th  t h e  ab o v e  s p e c i f i c a t i o n s  i s  shown i n  F i g u r e  4 - 1 0 ,  and 
v i r t u a l l y  i d e n t i c a l  t o  t h a t  o f  F i g u r e  4 - 9 ,
FIGURE 4-9
N - 5
C = / T =  0 . 9 5 5 3 4 4  
6 = 1 .6 4 3 1 1  
6=0.1 2 2 5 8  
A =0 .978  727 
A=0 0 7 5  
8 = - 1 - 6 7 6 5 6  















C * / T  *  0-955 
6 =  1.643 
6 =0 .1 2 2 5  
A* 0.98 
A* 0-075
a * - i . 6 8
b - 1 1 2 8
1.2S 1.S0 1.75 2 .00
ro
CHAPTER V
VARIATIONS OF THE PARAMETERS
A. V a r y in g  t h e  P a r a m e t e r  a
We h ave  o b s e r v e d  In  t h e  p r e v i o u s  c h a p t e r s  t h a t  i n  o r d e r  f o r  t h e  
u l t r a s p h e r l c a l  r a t i o n a l  f u n c t i o n  t o  b e  t h e  Chebyshev  r a t i o n a l  f u n c t i o n ,  
t h e  p a r a m e t e r s  a and  b must be  g i v e n  by  ( 3 . 1 4 )  a n d  ( 3 . 1 5 ) ,  and  t h e  
r a n g e s  on t h e s e  p a r a m e t e r s  m us t  be  g i v e n  by
-  [ n / a  ] s  a  s  -  |  ,
( 5 . 1 )
1 £  b < •» .
T h e s e  c o r r e s p o n d  t o  t h e  r a n g e  on t h e  m o d u lu s  k g i v e n  by
1 % k  % 0 . ( 5 . 2 )
By ( 3 . 4 )  we s e e  t h a t  t h e  z e r o s  o f  f n ( a ,b ; u j )  a r e  t h e  z e r o s  o f
£|
Fn (bu)),  and  t h a t  t h e i r  n a t u r e  ( t h a t  i s ,  r e a l ,  i m a g i n a r y ,  e t c . )  l a  d e t e r ­
mined by t h e  p a r a m e t e r  a .  The p a r a m e t e r  b I s  m e r e l y  a  s c a l e  f a c t o r  a s
f a r  a s  t h e  z e r o s  a r e  c o n c e r n e d .  T h i s  may b e  s e e n  by e x a m i n in g  t h e  c a s e
b = 1 , f o r  w h ich  t h e  z e r o s  a r e  t h o s e  o f  t h e  u l t r a s p h e r l c a l  p o l y n o m i a l  
£
Fn (tn).  I f  I s  a  z e r o  o f  t h e  u l t r a s p h e r l c a l  p o l y n o m i a l ,  t h e n  u ^ / b  i s  
a  z e r o  o f  t h e  u l t r a s p h e r l c a l  r a t i o n a l  f u n c t i o n  f n ( a , b ; t u ) .  H ence ,  i f  
b > 1 ,  t h e  r e a l  z e r o s  a r e  s h i f t e d  t o w a rd  t h e  o r i g i n  a n d ,  i f  0 < b < 1 , 
t h e y  a r e  s h i f t e d  to w a r d  i n f i n i t y .  I n  t h i s  s e c t i o n  we c o n s i d e r  t h e
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e f f e c t  on  t h e  z e r o s  o f  v a r y i n g  a f o r  a  f i x e d  b and  i n  s e c t i o n  C we c o n ­
s i d e r  v a r i a t i o n s  In  b .
b — a>, w h ic h  b may a ssum e  i n  o r d e r  t h a t  “  f n . I f  b -* °°, no  m a t t e r  
w h a t  v a l u e  a h a s ,  t h e  u l t r a s p h e r l c a l  r a t i o n a l  f i l t e r  becomes t h e  
B u t t e r w o r t h  f i l t e r ,  a s  was  p o i n t e d  o u t  i n  C h a p t e r  I I I .  For  t h e  c a s e  
b *■ 1 , I f  a  >  -1  we know t h a t  t h e  z e r o s  o f  f n a r e  a l l  r e a l  and  on 
( - 1 , 1 ) ,  s i n c e  t h i s  I s  t r u e  o f  t h e  u l t r a s p h e r l c a l  p o l y n o m i a l  z e r o s .  
Hence A(uj) f o r  t h i s  c a s e  w i l l  r e s e m b l e  t h e  e l l i p t i c  f i l t e r  m a g n i tu d e  
e x c e p t  t h a t  t h e  r i p p l e s  w i l l  be  u n e q u a l .
T h e r e f o r e  by  ( 3 . 7 )  we s e e  t h a t  i f  b ■ 1 ,  a  * - 1 ,  t h e n  a> -  1 i s  a z e r o  
(and  a p o l e )  o f  f n . T h i s  a g r e e s  w i t h  t h e  known p r o p e r t y  o f  t h e  u l t r a ­
s p h e r l c a l  p o l y n o m i a l s  t h a t  f o r  a  >  - 1 ,  t h e  z e r o s  m i g r a t e  to w a rd  -1  a s  a 
d e c r e a s e s .  ( T h i s  may be  d e v e l o p e d  by u s i n g  o s c i l l a t i o n  t h e o r y .  See 
f o r  e x a m p le ,  [ 9 ] ,  C h a p t e r  1 0 . )  F i g u r e  5-1  shows t h e  c a s e  a -  - 1 ,  b ft 1 ,  
w h e re  b i s  c h o s e n  s m a l l  enough  t o  s h i f t  t h e  z e r o s  i n t o  t h e  r a n g e  <w >  1 .
I n f o r m a t i o n  c o n c e r n i n g  t h e  n a t u r e  o f  t h e  z e r o s  a s  a  c h a n g e s  may 
be  o b t a i n e d  by u s i n g  D e s c a r t e s 1 r u l e  o f  s i g n s ,  w h ic h  s t a t e s  t h a t  t h e
L e t  u s  c o n s i d e r  f i r s t  t h e  c a s e  f o r  t h e  e x t r e m e  v a l u e s  b ■ 1 and
I f  we d e f i n e  t h e  u l t r a s p h e r l c a l  p o l y n o m i a l  f o r  a  * -1  by
P^ ' 1 ' " l ) (u>) -  l i ra  Pn ( a ’f t ) (u>)
a  — -1
t h e n  by ( 2 . 8 )  we h a v e
k « l
( 5 . 3 )
and  h e n c e
( 5 . 4 )
FIGURE 5-1
N = 4
e =  1 0  
a = - i . o
b = 0 4
“ I-----
1 .25 1 .50  1 .7 5  2 . 0 0
•e*Cn
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number o f  p o s i t i v e  z e r o s  o f  a p o l y n o m i a l  e q u a l s  t h e  number  o f  v a r i a t i o n s  
i n  s i g n  o f  i t s  c o e f f i c i e n t s  m inus  a  n o n n e g a t i v e  ev en  number .
F o r  b ■= 1,  t h e  c o e f f i c i e n t s  i n  t h e  n u m e r a t o r  o f  f n a s  g i v e n  i n  
( 3 . 1 2 )  may be w r i t t e n  An ■ 1 and
.   ( - 1 ) 1 nJ____________________________________________________Aji-a  ^  ^ ( 5 . 5 )
i l  ( n - 2 i ) ! ( 2 a + 2 n - 1 ) ( 2 a + 2 n - 3 ) . . . ( 2 a + 2 n - 2 i + l ) 2  
f o r  i  ■= 1 , 2 ,  . . . ,  [ n / a  ] .  L e t  us  d e f i n e  t h e  q u a n t i t y
a j  = -n  + j +  - j ; j  -  0 , 1 , 2 , . . . , [ n / a ] -  1. ( 5 . 6 )
Then we s e e  t h a t  ^  ■ 1,  \ i - a  c o n t a i n s  (a  - a 0 ) ( - l ) 1 , ^ . 4  c o n t a i n s
(a  - a Q) ( a  -  « i ) ( - l ) a , An.e c o n t a i n s  (a  -  a 0 ) ( a  -  ) ( a  -  a a ) ( - l ) 3 , and
i n  g e n e r a l  c o n t a i n s  i  f a c t o r s ,  (a  -  a Q) ,  (a  -  (a -  a ^ . j )
a s  w e l l  a s  t h e  f a c t o r  ( - I )* " .  Hence i f  a  <  a Q, a l l  An „a ^ a r e  p o s i t i v e
and  have  no v a r i a t i o n s  i n  s i g n .  Thus  i f  a < a Q, t h e n  f n h a s  no p o s i t i v e
z e r o s .  S i n c e  f n  i s  e v e n  i t  f o l l o w s  t h a t  i t  h a s  no n e g a t i v e  z e r o s  e i t h e r ,  
and e x c e p t  f o r  t h e  z e r o ,  u) = 0 i n  t h e  odd c a s e ,  none o f  t h e  z e r o s  o f  f n 
a r e  r e a l .
I f  a 0 < a < ax , t h e n  An = 1, b u t  a l l  t h e  An_a f o r  i  >  1 c h an g e  
s i g n s .  Thus  t h e r e  i s  f o r  t h i s  c a s e  one  v a r i a t i o n  i n  s i g n  and hence  f n 
h a s  one p o s i t i v e  z e r o .  C o n t i n u i n g  i n  t h i s  f a s h i o n  we h ave  t h a t
a <  a Q (5 .  7)
i m p l i e s  no v a r i a t i o n  i n  s i g n ,
a j - i  < a  <  a J ; J * I , 2 , • • • [ n / a l  ~ 1 ( 5 . 8 )
i m p l i e s  J v a r i a t i o n s  i n  s i g n ,  and
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* > , [ n / . M  (5-9)
I m p l i e s  [ n / a ]  v a r i a t i o n s  i n  s i g n .
S i n c e  t h e  a m p l i t u d e  f u n c t i o n  A(u)) r e a c h e s  i t s  maximum v a l u e  o f  1 
a t  t h e  z e r o s  o f  f n and i t s  minimum v a l u e  o f  0 a t  t h e  p o l e s  ( t h e  r e c i p r o ­
c a l s  o f  t h e  z e r o s )  o f  f n , i t  i s  e v i d e n t  t h a t  t h e  p a r a m e t e r  ia may be 
v a r i e d  t o  c o m p l e t e l y  c h a n g e  t h e  n a t u r e  o f  t h e  f i l t e r .  F o r  e x am p le ,  i f  
n = 4 ,  b = 1 , we h ave
a  <  a0  < = (n o  v a r i a t i o n s ) ,
a c  <  a  <  a j  = -  ■j- (1 v a r i a t i o n ) ,
a a < a (2  v a r i a t i o n s ) .
Hence i f  a < -  ^  f 4 h a s  no  r e a l  z e r o s ;  i f  -  <  a <  - f 4 h a s  one
p o s i t i v e  z e r o ;  and  i f  -  y  <  a ,  f 4 h a s  e i t h e r  two o r  no p o s i t i v e  z e r o s .
In  t h i s  s i m p l e  c a s e  (n  * 4 ) ,  we may show t h a t  f o r  b = 1,  and
-  |  < a  <  - 2
t h e r e  a r e  no p o s i t i v e  z e r o s .  They a r e  a l l  co m p lex .  A ls o  i f
- 2  < a  < -1
t h e r e  a r e  two p o s i t i v e  z e r o s ,  one  on  in >  1 and  one  on 0  <  to <  1 .
F i n a l l y ,  a s  i s  g e n e r a l l y  t h e  c a s e ,  i f  a  >  - 1 ,  a l l  f o u r  z e r o s  a r e  r e a l  
and  on  -1  £ to S 1. The p o s i t i v e  z e r o  f o r  t h e  c a s e  - y < a < - - ^ i s  
on to >  1 .
The c a s e s  w here  t h e  z e r o s  o f  f n a r e  on t h e  I n t e r v a l  to >  1 we 
have  A(te) a c h i e v i n g  i t s  maximum v a l u e  o f  1 on to >  1 .  A l s o  s i n c e  i n
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t h i s  c a s e  t h e  p o l e s  o f  f n a r e  on ( - 1 , 1) and  f o r  t h e s e  v a l u e s  o f  <ju we 
have  A(u>) = 0 .  Thus t h e  n a t u r e  o f  t h e  f i l t e r  l a  c o m p l e t e l y  ch anged  
from t h e  l o w - p a s s  c h a r a c t e r i s t i c  t o  a  b a n d - p a s s  c h a r a c t e r i s t i c .
T hese  d i f f e r e n t  c a s e s  o f  a  f o r  n = 4 ,  b = l f and  6 = 1  a r e  shown
i n  F i g u r e s  5 -2  t h r o u g h  5 - 7 .  I n  F i g u r e  5 -2  we h a v e  two c a s e s  o f  a > - 1
w h ich  r e s e m b l e  t h e  e l l i p t i c  f i l t e r  m a g n i t u d e  b u t  a r e  n o t  e q u i r l p p l e .
The z e r o s  o f  f 4 a r e  a l l  on  ( - 1 , 1 ) .  I n  F i g u r e  5 - 3 ,  we have  - 2  < a <  -1
i n  w h ic h  c a s e  one  z e r o  i s  on tu >  1 and  one  i s  on ( 0 , 1 ) .  One p o l e  i s
t h u s  on ( 0 , 1 )  and one  on oj >  1 .  The f i l t e r  i n  t h i s  c a s e  p a s s e s  two 
b a n d s .  F i g u r e  5 -4  i l l u s t r a t e s  t h e  c a s e  -  y  < a <  - 2 .  A l l  t h e  z e r o s  
a r e  com plex  so  t h a t  f 4 d o e s  n o t  a t t a i n  i t s  maxima o f  1 o r  i t s  minima 
o f  0 a t  r e a l  v a l u e s  o f  iu. I n  t h i s  c a s e  a  = - 2 . 4  i s  n e a r  t h e  b r e a k ­
p o i n t  a  = - 2 . 5 ,  a t  w h ich  f 4 d e g e n e r a t e s  t o  “ f ,  a n  i n v e r s e  B u t t e r w o r t h  
f u n c t i o n .  Hence A(u>) r e s e m b l e s  t h e  h i g h - p a s s  i n v e r s e  B u t t e r w o r t h  
o r d e r  o f  4 .
7 5F i g u r e  5 -5  shows t h e  c a s e  -  — < a <  - — f o r  w h ic h  t h e  o n l y  r e a l
p o s i t i v e  z e r o  o f  f 4 i s  on u> >  1 .  Hence t h e  maxima A(u>) = 1 i s  a c h i e v e d
on  u) >  1 and  t h e  min im a A(u>) = 0  i s  a c h i e v e d  on ( 0 , 1 ) .  F i n a l l y  F i g u r e s  
5-6 and  5-7 show t h e  c a s e  a < -  y .  A l l  t h e  z e r o s  o f  f*  a r e  i m a g i n a r y
so  t h a t  A(u>) = 0 and A(u>) = 1 a r e  n o t  a c h i e v e d  f o r  r e a l  tu. The v a l u e s
o f  a i n  t h e s e  f i g u r e s  a r e  - 3 . 8  and - 4 . 2 ,  w h ic h  a r e  on o p p o s i t e  s i d e s  o f  
a  = - 4 .  The f i l t e r s  a r e  d i f f e r e n t  i n  n a t u r e  a l s o .  The v a l u e  a = -4  i s  
a  s p e c i a l  c a s e  r e s u l t i n g  i n
M - 4 , l ; u > )  = f +\ f  ++^  = 1 ( 5 . 1 0 )
The z e r o s  a r e  r e c i p r o c a l s  a s  may be s e e n  by t h e  symmetry  o f  t h e  c o e f f i ­
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d e g e n e r a t e s  t o  f 4 = 1 ,  a s  i n d i c a t e d .  Hence t h e  c a s e s  i n  F i g u r e s  5-6  
and  5-7 r e p r e s e n t  a p p r o a c h e s  t o  A = ——  from two d i f f e r e n t  d i r e c t i o n s .
J2
F i n a l l y  i n  t h i s  s e c t i o n  we c o n s i d e r  t h e  c a s e  a = -  f o r  which  
a s  h a s  b e e n  p r e v i o u s l y  o b s e r v e d ,  t h e  u l t r a s p h e r l c a l  p o l y n o m i a l  becomes 
t h e  C hebyshev  p o l y n o m i a l  Cn o f  f i r s t  k i n d .  T h a t  i s ,
i M ) .  < - h ';n-/: . 1 f t i a a . . ( 5 . i i )
u> Cn(b/u>)
Hence i f  b = 1 ,  s i n c e  a  > - 1 ,  t h e  z e r o s  o f  f n a r e  on ( - 1 , 1 )  so  t h a t  t h e  
f i l t e r  r e s e m b l e s  t h e  e l l i p t i c  f i l t e r  e x c e p t  t h a t  t h e  r i p p l e s  a r e  u n e q u a l .  
S i n c e  a = -  c o r r e s p o n d s  t o  b -• <*> i n  t h e  e l l i p t i c  c a s e ,  we s h o u l d  e x ­
p e c t  t h e  r i p p l e s  t o  t e n d  to w a rd  e q u a l i t y  a s  b I n c r e a s e s .  A l s o  a s  b i n ­
c r e a s e s ,  t h e  a m p l i t u d e  a p p r o a c h e s  t h e  B u t t e r w o r t h  a m p l i t u d e ,  a s  has  
been  p r e v i o u s l y  n o t e d .  A g r a p h  o f  c a s e  a  = - b = 1,  e = 1 i s  shown 
in  F i g u r e  5 -8  and  f o r  b = 1 . 8  i n  F i g u r e  5 - 9 .
In  t h i s  c a s e  o f  t h e  Chebyshev  p o l y n o m i a l s ,  t h e  z e r o s  a r e  known
t o  be
1 (2  1- 1 )tt  . „
= b C° *  2n ' i  = 1 , 2 , . . . , n  ,
( s e e  f o r  exam ple  [ 1 0 ] ,  p a g e  175) and  t h e  v a l u e s  o f  f n a t  t h e  o r i g i n
a r e  g i v e n  by
£ „ ( -  3 , b ; 0> -  0 ,  n odd
( . ! ) " / »
»* * ‘ , n e v e n .
2n - i  bn
Thus by v a r y i n g  b we may a d j u s t  t h e  z e r o s  and  f o r  n even  c o n t r o l  t h e
s t a r t i n g  p o i n t  o f  t h e  a m p l i t u d e  f u n c t i o n .
FIGURE 
5-8
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B. The B r e a k - P o i n t s
As I n d i c a t e d  i n  t h e  p r e v i o u s  s e c t i o n  t h e r e  a r e  a number o f  b r e a k ­
p o i n t s  a j ,  g i v e n  by
= -n  + J + *  ; J « 0 , 1 , 2 , . . . , [ n / a ] -  1 ,  ( 5 . 1 2 )
w h ich  d i v i d e  t h e  a - a x i s  i n t o  i n t e r v a l s  on e a c h  o f  w h ic h  t h e  n a t u r e  o f  t h e  
z e r o s  o f  f n i s  d i f f e r e n t .  We c o n s i d e r  i n  t h i s  s e c t i o n  what t h e  n a t u r e  o f  
t h e  f i l t e r  i s  when a  a s s u m e s  t h e  v a l u e s  o f  t h e  b r e a k - p o i n t s .
I f  a = a [ n ^a ] ^ = t n / a ]  -  n  - t h e n  a s  may be s e e n  from t h e  form
o f  f n g i v e n  by ( 3 . 1 / ) ,  a l l  t h e  c o e f f i c i e n t s  B n - a i  a r e  z e r o  e x c e p t  
Bn - a [ n / a ] >  Hence i n  t h i s  c a s e  we have
f n ( a ,b ; t u )  = , n even
U)
( 5 . 1 3 )
i
n oddn - a  *<s
T h i s  r e s u l t s  i n  t h e  h i g h - p a s s  i n v e r s e  B u t t e r w o r t h  a s  i n  t h e  c a s e  
a = - 2 . 5  d i s c u s s e d  i n  p r e v i o u s  s e c t i o n  f o r  n = 4 ,  O t h e r  e x a m p le s  o f  
t h i s  c a s e  a r e




2a  = -  t — j n = 9 , 1 0 .
Most o f  t h e s e  may be r e a d i l y  c h e c k e d  f ro m  T a b l e  I o f  C h a p t e r  111, 
F o r  t h e  c a s e
a  = a r  , . = [ n / a  ] -  n -[ n / a  J - a  2
59
a l l  t h e  Bp-a i  e x c e p t  t h e  l a s t  two ( i  = [ n / a ] , [ n / a ]  - 1 ) a r e  z e r o ,  so 
t h a t
[ n / a  ]< - l ) L 1 (R ju?  + Bq)■ = —— -------------1—3-------------—  ; n e v e n ,n _ n -a  n ’f „  Bg d) + B0U)
( - l ) [ n / a ]  (BgU? + BiU)) .
( 5 . 1 4 )
n n -a  , _ n - i  ^ ud + B! uj
Hence f n h a s  z e r o s  f o r  n  even  a t
n odd .
u) = i jsy : ~  = -  J / b S
and p o l e s  a t
u) = + j  b tjn  .
The o t h e r  p o l e s  a r e  a t  uj = 0 and  t h e  o t h e r  z e r o s  a r e  a t  i n f i n i t y .  F o r  
n o d d ,  f n h a s  a z e r o  a t  z e r o  and  z e r o s  a t
(D = +
The f i n i t e  p o l e s  a r e  a t
d) = t  J b Vn^T/V? .
The o t h e r  p o l e s  a r e  a t  u) = 0 and  t h e  o t h e r  z e r o s  a r e  a t  i n f i n i t y .
Hence t h e  n a t u r e  o f  t h e  f i l t e r  i s  r a d i c a l l y  ch an g e d  a t  t h e s e  
two b r e a k - p o i n t s .  A s i m i l a r  s i t u a t i o n  e x i s t s  a t  t h e  o t h e r  b r e a k - p o i n t s  
w here  one  o r  more o f  t h e  Bn„a i  w i l l  be  z e r o .
As a n  e x a m p le ,  l e t  us  c o n s i d e r  t h e  c a s e  n = 6 f o r  w h ic h  t h e  b r e a k -
11 9 7p o i n t s  a r e  a Q = -  , and  a a = -  —. By T a b l e  I  o f  C h a p t e r  I I I
we s e e  t h a t  f  f o r  t h e s e  c a s e s  a r e  g i v e n  by
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. . 11 . . 8b*u)4 -  12ba or* + 1
f . ( -  = 8b*<jj> - 12b»al* + (i#
Thus  i n  e a c h  c a s e  f e h a s  d e g e n e r a t e d  f rom  a s i x t h  t o  a l o w e r  d e g r e e  
n u m e r a t o r .
C. V a r y i n g  t h e  P a r a m e t e r  b
As we n o t e d  i n  S e c t i o n  A, t h e  p a r a m e t e r  b i s  a  s c a l e  f a c t o r  a s  
f a r  a s  t h e  z e r o s  o f  t h e  u l t r a s p h e r l c a l  r a t i o n a l  f u n c t i o n  i s  c o n c e r n e d .  
The z e r o s  o f  f n ( a , b ; u j )  a r e  t h o s e  o f  t h e  u l t r a s p h e r l c a l  p o l y n o m i a l  m u l ­
t i p l i e d  by Hence i f  b i s  i n c r e a s e d  f rom  t h e  v a l u e  t h a t  y i e l d s  t h e
D
Chebyshev  r a t i o n a l  f u n c t i o n  f o r  a  f i x e d  v a l u e  o f  a ,  t h e  r i p p l e s  become 
u n e q u a l  and  t h e  z e r o s  s h i f t  t o w a rd  t h e  o r i g i n .  The p o l e s , o f  c o u r s e ,  
s h i f t  t o w a rd  i n f i n i t y .  I f  b d e c r e a s e s ,  t h e  z e r o s  B h i f t  t o w ard  i n ­
f i n i t y  an d  t h e  p o l e s  s h i f t  t o w a rd  t h e  o r i g i n .
Hence  i f  £  i s  s u c h  t h a t  a l l  t h e  z e r o s  o f  f n a r e  r e a l  and on 
( - 1 , 1) ,  i t  i s  p o s s i b l e  t o  d e c r e a s e  b t o  s h i f t  any  g i v e n  number o f  t h e  
z e r o s  i n t o  t h e  i n t e r v a l  uj > 1 .  Then A (uj) a t t a i n s  i t s  maxima A (uj) = 1 
a t  one o r  more p o i n t s  i n  u> >  1 and  a t t a i n s  i t s  min ima A(u>) = 0 a t  one 
o r  more p o i n t s  i n  ( - 1 , 1 ) ,  and  t h u s  t h e  n a t u r e  o f  t h e  f i l t e r  i s  e n t i r e l y  
c h a n g e d .  F o r  e x a m p l e ,  i n  F i g u r e  5 - 1 0  t h e  c a s e  n = 6 i s  shown f o r  
e = 2 . 2 5 9 1 6 ,  a  = - 2 . 4 7 6 1 ,  and b = 1 . 0 6 6 ,  w h ich  i s  t h e  e l l i p t i c  c a s e .  
A l s o  i n  F i g u r e  5 -1 0  t h e  p a r a m e t e r  b i s  c h an g e d  t o  . 3 6 6 ,  w h ich  s h i f t s  
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A c a s e  where  b i s  s u f f i c i e n t l y  s m a l l  t o  s h i f t  o n l y  one z e r o  i n t o  
id > 1 , r e s u l t i n g  in  a  b a n d - p a s s  f i l t e r  i s  shown i n  F i g u r e  5 - 1 1 .  O t h e r  
i n t e r e s t i n g  c a s e s  a r e  shown i n  F i g u r e  5-12 where  b i s  s e l e c t e d  t o  s h i f t  
p o l e s  v e r y  n e a r  z e r o s ,  and  i n  F i g u r e  5 - 1 3 ,  w here  a  v a r i e t y  o f  r e s p o n s e s  
i s  o b t a i n e d .  In  F i g u r e  5 -14  we s e e  t h e  p r o g r e s s  to w a rd  t h e  B u t t e r w o r t h  
f i l t e r  from t h e  e l l i p t i c  f i l t e r  a s  b i s  I n c r e a s e d .  F i n a l l y  i n  F i g u r e  
5 -15  we s e e  t h e  c a s e  w here  b i s  s u f f i c i e n t l y  s m a l l  t o  s h i f t  a l l  t h e  
z e r o s  f o r  n = 4 t o  id  >  1.
L e t  u s  now c o n s i d e r  t h e  e x t r e m e  v a l u e  a = - [ n / a ]  on t h e  a - b  
c u r v e .  F o r  t h i s  v a l u e  o f  a  t h e  c o r r e s p o n d i n g  b i s  1,  r e s u l t i n g ,  as we
saw i n  S e c t i o n  C o f  C h a p t e r  I I I ,  i n  f n  * 1 ,  f o r  n ev en  and  f n - m ,  f o r  n 
od d .  I f  b ^ l ;  we h a v e ,  by ( ' 3 , 2 1 ) ,  f o r  t h e  g e n e r a l  c a s e  when a  “ - [ n / a ] ,
An - a i  = ( - D i ^ [ n / a ] j  b ' a 1 . ( 5 . 1 5 )
Hence  we h a v e  f o r  t h i s  c a s e ,
f n ( - [ n / a  ] ,b ;u j )  = ^ )  » n CVen
( 5 . 1 6 )
(  tfu ?  -  1 1
= {  &  .  ba )  j n o d d *
T h e r e f o r e  f o r  t h i s  c a s e ,  a l l  t h e  z e r o s  ( e x c e p t  ud = 0 i n  t h e  c a s e  n odd )
o c c u r  a t  id  =  ^  and  a l l  t h e  p o l e s  ( e x c e p t  u) =  «  i n  t h e  c a s e  n odd)  
o c c u r  a t  in = i  b ,  Hence we h ave  a phenomenon somewhat l i k e  t h a t  o f  t h e  
B u t t e r w o r t h  f i l t e r  i n  w h ic h  a l l  t h e  z e r o s  a r e  c o n c e n t r a t e d  a t  a s i n g l e  
p o i n t .  I f  b >  1,  t h e n  A(u>) a t t a i n s  i t s  maxima A = 1 a t  a p o i n t  on
( 0 , 1 )  and  a t t a i n s  I t s  min ima A * 0 a t  a  p o i n t  on w > 1.  M oreover  i f











^ . 0 0
FIGURE 5-11
N s 4
t  = 1 0a=-i.o
b =  0 .8













3 = - 2 . 4 7  
b= 1-566
b s  1 .066  
b = 0 . 5 6 6
FIGURE 5-14
N= 5
6 =2 .1 9521  
a = - 1  855 
b = 1 0 8 5  
b = 1 5 8 5  























m inim a .  I f  b < 1,  t h e  p o s i t i o n s  o f  t h e  maxima and min ima a r e  r e v e r s e d .  
The maxima o c c u r s  a t  a  p o i n t  on u> >  1 and  t h e  min ima a t  a  p o i n t  on 
(0 , 1).
By ( 5 . 1 6 )  we may c a l c u l a t e  A(0)  f o r  a  = - [ n / s l ,  o b t a i n i n g  
A (0)  = ^ ■— , n even
Vl + «a b - * n
( 5 . 1 / )
= 1  , n odd
Hence i f  b i s  s m a l l  ( n e a r  0 ) ,  In  t h e  e v e n  c a s e ,  A(0)  i s  s m a l l  and  t h e
maxima o c c u r s  on  u> >  1,  The min ima o c c u r s  on ( 0 , 1 ) .  A l s o  f o r  u> -• «*,
we h ave  f n -* b” , w h ich  i s  s m a l l ,  so  t h a t  A(uu^ t e n d s  to w a rd  a  number
n e a r  1.  T h i s  i s  a h i g h - p a s s  f i l t e r ,  an  exam ple  o f  w h ich  i s  shown i n
F i g u r e  5 - 1 6 ,  f o r  n = 4 ,  b = . 5 .  I f  n 1b odd and  b s m a l l ,  t h e  same
t y p e  A(u>) a r i s e s  e x c e p t  t h a t  A (0)  = 1 and  A(°°) -• 0 .  An exam ple  o f  t h i s
c a s e  i s  shown i n  F i g u r e  5 - 1 7 ,  f o r  n = 7.
The c a s e  n -  4 ,  b = 1 . 5  i s  shown i n  F i g u r e  5 - 1 8 ,  w here  i t  may be
s e e n  t o  r e s e m b l e  t h e  B u t t e r w o r t h  f i l t e r .  I t  a t t a i n s  A = 0 a t  a f i n i t e
2
p o i n t ,  u) * 1 . 5  and  a t t a i n s  A = 1 a t  uj = F o r  tu l a r g e ,  A -• 0 f o r  t h i s
c a s e .
A c a s e  w here  b <  1, b u t  v e r y  n e a r  1 i s  shown i n  F i g u r e  5 - 1 9 ,  
w h ic h  i l l u s t r a t e s  w ha t  h a p p e n s  when t h e  p o l e s  and z e r o s  a r e  c h o s e n  
c l o s e  t o g e t h e r  (b  n e a r  1) .
The o t h e r  e x t r e m e ,  a  » -■j, on t h e  a - b  c u r v e  i s  o f  c o u r s e  t h e  
c a s e  when t h e  u l t r a s p h e r i c a l  p o l y n o m i a l  becomes t h e  C hebyshev  p o l y ­
n o m i a l .  I n  t h i s  c a s e  a l l  t h e  z e r o s  o f  f n  a r e  r e a l  and b may be v a r i e d  
t o  s h i f t  them e i t h e r  to w a r d  o r  away f rom  t h e  o r i g i n .  T h i s  c a s e  was 
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The u l t r a s p h e r l c a l  r a t i o n a l  f u n c t i o n  I n c l u d e s  t h e  Chebyshev  
r a t i o n a l  f u n c t i o n  u s e d  I n  o b t a i n i n g  t h e  e l l i p t i c  f i l t e r  m a g n i t u d e  
r e s p o n s e  f o r  a p p r o p r i a t e  v a l u e s  o f  t h e  p a r a m e t e r s  a and  b .  By u s i n g  
t h e  g r a p h s  r e l a t i n g  a  a n d  b t o  t h e  m odu lus  k ,  t h e  d e v i a t i o n  6 , and  
t o  e a c h  o t h e r ,  one  may o b t a i n  d i r e c t l y  t h e  e l l i p t i c  f i l t e r  f o r  a  g i v e n  
s e t  o f  t o l e r a n c e .  No t r i a l  and  e r r o r  p r o c e d u r e s  a r e  r e q u i r e d  i n  t h e  
p r o c e s s .
The u l t r a s p h e r l c a l  r a t i o n a l  f i l t e r  i s  more v e r s a t i l e  t h a n  t h e  
e l l i p t i c  f i l t e r .  By v a r y i n g  t h e  p a r a m e t e r s  a  and  b f rom  t h e i r  v a l u e s  
w h ic h  y i e l d  t h e  e l l i p t i c  f i l t e r ,  one  may o b t a i n  o t h e r  l o w - p a s s  f i l t e r s ,  
su ch  a s  B u t t e r v o r t h ,  f o r  e x a m p l e .  I n  a d d i t i o n ,  o t h e r  f i l t e r s  may be  
o b t a i n e d ,  su ch  a s  h i g h - p a s s ,  b a n d - p a s s ,  and  f i l t e r s  h a v i n g  c o n s t a n t  
m a g n i t u d e  r e s p o n s e s .
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